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Rotation about an arbitrary axis
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Now let's go back to the 3D rotation case. As described before, 3D rotations are $ 3 \ Times 3 $ arrays with the following entries: $$ R =\ Begin {BMATRIX} R {11} & R {12} WR_ {21} 22} and R {23} WR {31} and R {32} and R {32} \ End {BMATRIX} $$ There are 9 parameters in the matrix, but not all possible values of 9 para € Meters
correspond to the route vas matrices. To qualify as a rotation, the matrix must meet the two properties: orthogonality: $ R4 tr = I $ (or equivalently, $ RR ~ T =1 $) Positive Orientation: $ \ DD ( R) = 1 $. The first condition imposes 9 equality constraints, except that 3 of them are redundant. As a result, 6 degrees of freedom are removed from the 9
free parameters, reducing the set of possible rotation matrices for a three-dimensional set. The second condition reduces only the set of parameters in half, because all matrices that meet 1 should have decisive +1 or -1 (because the determinant is distributive, $ \ DET (AB) =\ Det (a) \ Det (b) $ and invariant to transpose, $ \ dd (a) =\ det (A ™ t). As a
result, the 3D rotation space is in 3D, and therefore no less than 3 containted parameters are required to represent all possible rotations. However, the topology of then (3) is very different from $ \ Mathbb {R} ™ 3% in which is limited instead of infinity, and involves "in all directions", so to speak . Axle-aligned rotations on individual axles are simpler
to calculate, because the behavior of an axis is unchanged and the other two axes suffer a 2D rotation along the orthogonal plane (FIG. two). Figure 2. Shaft aligned rotations. First, the matrix for rotation on the axis $ z contains a 2D rotation matrix in its upper corner: $$ R Z (\ Theta) = \ Begin {BMATRIX} \ COS \ Theta & -\ Sin \ Theta & 0 Sin \
Theta & \ Cos \ Theta & 0 \\ 0 & 1 \ End {BMATRIX} $$ This can be interpreted by imagining the $ Z $ Shaft pointing out the page, and $ x $ and $ y $ axles marking the axes of a standard graph at the page. The rotation over $ \ Theta is a CCW rotation on the page of the page. Note that the coordinate $ z of any point is preserved by this operation, a
property maintained by the third line $ (0.0.1) $, nor does it affect the 80 and $ y $ vy $ y $ coordinates maintained by the first two inputs of the third column. In the $ (%, y) $, the upper array of $ 2 \ Times 2 $ is identical to a 2D rotation matrix. The rotation on the Axis $ x $ is like, with a 2D rotation array appearing along the axes $ and $z $ z: $$ r x
(\ theta) = \ benging {bmatrix } 1 & 0 & 0 \\ 0 & \ theta & -\ SIN \ theta \\ Cos \ Theta \ End {BMATRIX}. $$ Here the $ x $ coordinate is preserved while the inputs $ y $ and $ z $ a 2d rotation. Finally, the rotation on the axis $ y $ is similar, but with a $ \ pin signal switch $ terms: $$ r y (\ theta) = \ benging {bmatrix} \ Cos \ theta & 0 & \ Sin \ Theta
WO &1 &0\ -\SIN\COS\ theta \ End {BMATRIX}. $$ reason for the $ -\ Sin \ Theta Term for below the diagonal is that if one were guiding a picture so that the $ y $ axis points off the page and align the $ x axis $ at the point to the right, the $ z axis pointed down instead of upwards. Instead, the matrix can be derived by aligning the axis $ z to
the right direction and the axis $ x $ to the direction up, so that the $ -\ sin \ theta have arrived At $ Z, X $ spot. A mnemanic to help remind the signal switch over revelations over $ y $ that the order of the two coordinate directions defining the orthogonal plane is derived from a cline order of the axes: $y $y $ Follow $x$, $y $y $, and $ x $ follow
$ z $. Thus, the orthogonal airplane for $ x $ is $ (Y, Z) $, the orthogonal plane for $ y $ is $ (z, x) $, and the orthogonal plane for $ z $ ( X, y) $. Interpretation The rota £ € © such as the axes of précesta £ $ or $, $ and $, and $ z $, S& £ o rotation for rocks-rotaA8A £ the $ x ~ \ Prime $, $ y ™ prime $, and $ z ©~ \ prime $, respectively. The first column
represents the $ X ™ \ privilege coordinates $ $ in relation to the original frame after rotation $$ \ v {x} ~ \ prime =\ Begin {bmatrix} r {11} \r {21} \r {31} \ end {BMATRIX}. $$). Second column Give $ \ v {y} ©~ \ Prime = (R_ {12}, R {22}, R {32}) $ and the third column supplies $ \ v {z} \ Prime = (R_ {13 }, R_ {23}, R {33})$.In
addition, from $ R2 {- 1} = R~ T $, the coordinates of the axes of the old frame in relation to the new frame are the individual ranks of $ R $. Due to the cosine rule, $ r {11} $ is the cosine of the angle between the old and new axis $ x $ x (because it is the product between $ \ v {x} ~ \ prime $ and $ \ v {x} = (1.0.0) $. Similarly, the other diagonal
elements donating the cosine of the angle between the other axes. Rotation operations a point. such as We saw before, applying the rotation a point (ie, deriving the coordinates of a spot spotted in the original coordinate frame) is simply multiplication of matrix vector. Composition between two R-rotation matrices $ R 1 $ and $ R 2 $ is simple a
matrix multiplication $ R 1 R 2 $. Note that this matrix is the result of apply $ R 2 $ first and then $ R 1 $, and it is not the same as reverse. Inversion. As we saw above, the reverse rotation matrix is simply the matrix transposition. Discuss can be confusing due The convention chosen on whether rotation axles are considered laid down to the world
reference framework, the U turning along with the local reference frame. In this class, we will use the former convention, which is known as extrinsic rotation. Suppose $ R 1 $ be a rotation about Axis $ to $ and $ R 2 $ is a rotation about Axis $ B $. When composed of $ R 1 R 2 $, this means that a $ p $ in local coordinates $ \ v {p} $ first will be
rotated on the $ B $ axis to get a $ P\ Prime $ Point and then , About $ Axes at $ at $ A $ is interpreted as being fixed in the reference frame turned to get $ P ©~ {\ Prime \ Prime} $. Theresult $ R 1 R 2\ v {P} $ Give the $ P ©~ {\ Prime \ Prime} coordinates in relation to the rotated reference framework, as shown in Fig. 3. Figure 3. The composition
$ R 1\ CDOT R 2 $ Two Rotation Matrixes corresponds to the first performance $ R 2 $ and then performing $ R 1 $. This means that the coordinate frame represented by $ R 2 $ is rotated on the axis of $ R 1 $ in the original frame. The confusion frequently lies when the rotation axes are considered attached to tables already rotated (intranting
rotations), which happens when trying to solve problems as the following: "Let $ P $ be attached to A Body Ripid $ B $ and have coordinates $ (1,2,3) $ in relation to the coordinate frame of $ B $. Find the world coordinates of the point after rotating $ B $ on your Axis $ z for $ 90 \ CIR $, and then for another $ 90 CIRC $ over $ B $ 's location $ x $ x
$ and finally translate its origin for the displacement $ \ v {t} (10.0, 5) $. Na-fulfillment of each transformation in sequence produces the wrong answer: the $ R Z (90 \ CIRC) $ MAPS $ (1,2,3) $ A $ (-2,1,3) $. The $ R X (90 \ CIRC) $ Maps $ (-2,1,3) $ A $ (-2, -3,1) $. The translation maps $ (- 2, -3.1) $ at $ (8, -3.6) $. This answer is incorrect, and it
is also an answer that would have been obtained through Matrices composition: $$ R X (90 ~ \ CIRC) R Z (90 \ CIRC )\ v {p} +\v {t} $$ Instead, the main problem is that after the first rotation, the local axis $ x $ turned along with the body and it is not more Equivalent to the Axis $ x $ in global coordinates! Instead, it is aligned with the Axis $y $y
$. The correct sequence of the operations is: the $ R Z (90 \ CIRC) $ MAPS $ Maps (1,2,3) $A $(-2,1,3) $. The $ R Z (90 \ CIRC) $ also maps the local axis $ x $ for the $ y $ world axle. The $ R Y Rotation (90 \ CIRC) $ Maps $ (- 2,1,3) $ A $ (3,1,2) $. Translation maps $ (3.1.2) $ at $ (13.1.7) $. Also confused that the correct result is also achieved,
alternating the order of rotations! $$ R Z (90 \ \ CIRC) (90 \\ CIRC) \ v {p} + {t}. $$ reason why this switched order works is that in the first rotation about $ x $, the location and the world axis of $ x $ is aligned. The second rotation over $ Z $ $ Performed with respect to the world $ Z $ shaft, which is also equivalent to the $ $ Z original axis of $ B
$. In general, the intrinsic rotations are composed in reverse order of extrinsic rotations. Euler Angles, Euler Angles, there is a representation of three parameters of rotations ($ \ phi, \ theta, \ psi) $, and are derived from the definition R X $ $, $ $ R Y, and $ $ R Z up. They are one of the oldest representations of rotation, are kind to interpret, and
are also often used in aeronautics and robotics. The basic idea is to select three different axes and represent the rotation as a three-way composites aligned to the shaft. The order in which the axes are chosen is a convention issue. Conventions, EXAMPLE, the turn-course-course convention often used in aerospace industry assumes that the vehicle
bearing angle is about $ x $ $ its axis, step is around of its axis $ y $, and yaw is around its axis $ z $ (Fig. 4), with the rotation of the compound given by: $$ R {RPY} (\ phi, \ theta, \ psi) = R Z (\ PHI) R Y (\ theta) R X (\ psi) $$ Note that the order of the rotation axesis $z $, $ y $, $ x $, And this is also known as ZYX $ $ convention. (Note that, in
order to apply, this applies from bearing (x), first, then step (y), then guinar (Z).) Convention Figure 4. Step-to-shift roller is constituted by a roll of direction about the front of the vehicle, a field on its direction to the left, and a turning around its up sense. There are a multitude of other possible conversions, each of a form $$ R {ABC} (\ Phi, \ Theta, \
psi) = R_ A (\ PHI) R3B (\ Theta) RC (\ psi) \ label \ EQ: EULANGLES} $$ where $at$,$B$,and$C$area$x$y$y$, $zor. Tobe avarying convention, the space of possible results of the convention should cover the range of possible rotation matrices, and this means that there are no two axes Subsequent may be the same, for example, $ XXY $
not admissible, since two combined rotations on an axis are equivalent to a single rotation around this axis. However, $ at $ and $ C $ can indeed be the same, for example in Zyz $$ convention: $$ R {zyz} (\ phi, \ theta, \ psi) = R Z (\ PHI) R Y (\ theta) R Z (\ psi) $$ Here the stakeholders $ y $ Rotation modifies the axis by which one of the terms
revolutions $ R Z $, and can actually pertain all rotation matrices £ o. Conversion between Euler's Euler International Matrices for Rotation Arrays is a simple calculation of ($ \ Ref {EQ: Eulerangles} $). The inverse is more difficult and requires conversion reverse calculation forward using some trigonometry. First, for the convenion given we will
begin equaling the terms of the matrix for the sine and cosine terms of the computerized rotation matrix, for example, for the Roll-Pitch- Taper: $$ R {RPY} =\ Begin {BMATRIX} r {11} andr {12} and r {13} \r {21} andr {22} and r {23} \r {31} and r {32} and r {33} \ final {bmatrix} = {bmatrix} C 1C 2&C 1S 2S 3-S1C3&S 1S3+
C1S2C3\S1C2&C1C3+S1S2S3&S1S2C3-C1S3\S2&C2S3&C 2C 3\END {BMATRIX} $ $ where we use abbrviations$ C 1 =\Cos\Phi$C 2=\Sin\Phi$C 2=\COS\theta$,$S 2=\Sin\theta$, $C 3 =\Cos\Psi$,and US$ S 3 =\ Sin\ Psi $. The simpler term is in the lower left corner, so we found one of
the two solutions for US $ R {31} = -\ Sin \ Theta $, thatis, $ \theta=-\Sin ~ {-1} R {31} $ or US $\theta=-\Sin ™~ {-1} R {31} + \ PB $. We also have two possible solutions $ C 2 =\pm\sqrt {1-S 2 ~ 2} $. If $§ C 2 $ is different from zero, then we can split $ R {11} $and R$ {21} $at$C 2$get$ S 1$and $ C 1 $, respectively, for
which we can get $ \ phi $ via the US $ argument (S 1, C 1) $. Likewise, we can derive $ \ psi $ splitting $ R {32} $ and $ R {33} $in $ C 2 $. Finally one of the two possible solutions for $ \ Theta $ can be obtained through the solution verification for the top right entries of the matrix. The other case to consider is when $ C 2 $ is zero, which
indicates that the field is $ \ pm \ pi / $ 2. if this is the case, then only US $ R {31} $ and $ 2 times 2 $ entries in the upper right are different from zero. This corresponds to a unique case in which endless solutions for $ \ $ \ $ \ psi $ exist. All these solutions have $ \ Phi Phi \ Psi $ $ equal to the argument (- Rf {12} /s 2, r {22} /s 2) $. Singularities,
also known as Gimbal Lock - Euler's Amnesta Range $ (\ Phi, \ Theta, \ PSI) $ to cover the speed of rotation is the set $ [0.2 \ pi ) \ Times [-\ PI/ 2, \ PI/ 2]\ Times [0.2 \ pi) $. However, this set is not topologically equivalent to this (3). There are certain cases where a single rotation has an infinite number of solutions. For example, in $ ABA $
convention, any pure rotation on the axis $ at $ can be represented by euler angles with $ \ theta = 0 $, but infinitely many values of $ \ phi $ and $ \ Psi $ with constant sum. In the Convention of Roll-Pitch-Yaw, pitches of $ \ pm \ pi / $ align the roller axes and yaw and therefore when a vehicle is pointed directly upwards, there is an infinite number of
Solutions for $ \ Phi $ and $ \ psi $. Such as this are known as a singular. By analogy with the Gimbal mechanism that is a physical device with three rotary axes, Gimbal block. GIMBALS are frequently used devices a€ a € 4 €
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